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Splines Regression

4. [10 points| Suppose we want to estimate the returns to education while controlling
flexibly for age using a linear spline with three knots 7 < 7 < 73.

(a) What is the expression for the conditional mean of y = income given education
and the age spline. Include an intercept in your model and assume that education
and the age spline are additively separable (i.e. no interaction effects between

education and age). Slope change in slope
before knot t1 at knot t1

E [y|educ, age] =By + apeduc ge (age —71)1(age > n)
+@age —7)1(z > m) +(age —713) 1 (age > 73)

change in slope change in slope
at knot t2 at knot t3
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Splines Regression

(b) What are the expressions for the marginal effects with respect to age for each of
the intervals defined by the knots?

OE [y|educ, age < 7]

Odage =
OE [y |educ:97;ges age < 7] =61+ Bo
OF [yleduc’a:fgf w9e <7l _ g 44+ 8
OE [yledgz,g‘;ge > o+ B+ B+ B
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Splines Regression

(c) Write STATA code to estimate the model assuming the three knots are equally
spaced and that the coefficients represent the change in slope from the previous

interval. Number of intervals
(no. of knots + 1)

mkspline a,ge@: age, marginal
reg income educ agel-4
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CATE vs. Quantile regression

(f) [5 points| If we are interested in estimating the heterogeneous effect of receiving
an extra year of education on expected earnings across different ethnic groups, we

would use quantile regression.

i. False. We could use any method that estimates conditional average treatment
effects but not quantile regression because we are interested in the effect on
expected earnings rather than on different quantiles of the earnings distribu-
tion.

e Quantile regression is over a specific quantile of the outcome variable.

e CATE is still for the average of the outcome variable (i.e. all of the quantiles)
but only over different subgroups defined by covariates.
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Selection-on-observable assumption

(g) |5 points| The selection on observables assumption requires that the treatment is
obtained through a randomized experiment.

i. False. The selection on observables assumption only requires that the treat-
ment is independent of the potential outcomes conditional on the covariates,
rather than unconditionally independent of the potential outcomes. As long
as the selection into treatment is based only observable characteristics, rather
than unobservable characteristics, the treatment does not need to be obtained
through a randomized experiment.

Wi L (¥i(0),Y:(1))| X;
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Conditional average treatment effect (CATE)

(h) [5 points| Conditional average treatment effects equal the difference in the expected

potential outcomes.

i. False. Conditional average treatment effects equal the difference in the ex-

pected potential outcomes conditional on the covariates.

e We would like to estimate the conditional average treatment effect (CATE):

70 (Xi) = EYi (1) = Yi (0) | Xi] = p1 (X3) — o (X:)

o (2) = E{i:W;:LX;eRg(w)} Y’ B E{i;W;:O,X;eR; (=)} Y
T Wy =1L,X; € R (@)} {i: Wy =0,X; € R ()}
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Average treatment effect (ATE)  (idestz20)

e Let W; € {0,1} be a binary treatment variable.

e Let Y; (0) and Y; (1) be the potential outcomes.
e The potential outcomes can be expressed as:

Y; (0) = po (Xi) + €0i, E [€0s| Xi] = 0 = E[Y;(0) | Xi] = po (Xi)

Yi(1) = p1 (Xi) + e, E[ens| Xs] =0 = E[Y; (1) | Xi] = i (Xi)
e We would like to estimate the conditional average treatment effect (CATE):
70 (Xi) = E[Yi (1) = Y3 (0) [ Xi] = p (Xi) — po (X5)

e The relation Y; = W;Y; (1) + (1 — W;) Y; (0) gives us

Yi = 70 (Xi) Wi + po (Xi) + Wiewi + (1 — Wi) €o;

Uy
o Wl 1 (K(O),Y;(l))' Xz implies that Wl 1 (50i7 fli)lXi and FE [7’]7,|W1,X,] =0

e In the case where 7y (X;) = 79 does not depend on X; and po (X;) = X7, one can

estimate the average treatment effect (ATE) by running OLS on

Y = Wi + Xiy + n;
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Estimating CATE with Random Forest

(Slide 21)

e The estimate of the conditional average treatment effect is the average

; Pset4 |
over the estimates computed over B subsampled trees. (Pset4 example)

-Y: test score

1B - W: being in a small class
Tn () = = 7* o () - X: fem,wh,fl,urb,age,exp,lad,deg
b=1
D{iwr=1,x7er; @)} ¥i' 2 fuwr=0.X;eR; (@)} Vi

7’:* (w) = : * * * - . * * *
e {i: W7 =1,X7 e Ry (2)}|  [{i: W7 =0,X7 € Ry (2)}]
e R} () is the region that contains = and it is computed using the propensity

score algorithm of Wager and Athey (2017), which uses the covariates and
the treatment variable instead of the outcome to place splits.

e 7. (z) is the difference in the average of the outcome between the treated

and control observations in the region that contains z.
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