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Question 1

Deduce the state-space representation for an AR(p) model in [13.1.14] and [13.1.15] and the
state-space representation for an M A(1) model given in [13.1.17] and [13.1.18] as special cases

of that for the ARMA(r,r — 1) model of [13.1.22] and [13.1.23].

Any ARM A(p, q) process can be written in the state-space representation form of ARM A(r,r—1) by defining

r = max{p,q+ 1}. The state equation and the observation equation are

State equation (r = max{p,q+ 1}):

b1 P2 Gr—1 br r
Et+1
1 0 0 0
0
&ai=10 1 -~ 0 o0&+
0
(0 0 1 0| - -
Observation equation (n = 1):
ye=p+ |1 6, 6 0,1 | &t
where _ _
(1—=¢1L — ¢oL? —--- — ¢, L") tey
(1—¢1L —¢ol? — - — ¢, L") ey
& =
(1 - ¢1L - ¢2L2 -t ¢TLT)_1€t7T+1

For an AR(p) process, we must have

Yo — 1= d1(yr—1 — p) + d2(ye—o — 1) + -+ Gp(Ye—p — 1) + &1

= (1—¢1L—¢ol? — - — ¢ LP) (g — 1) = &
= yo—p=1— 1L~ $L?— - — L") e,
Then we have _ _ -~
(1= ¢1L — oL — -+ — ¢, L") ey Ye —
(1—=¢1L — ¢oL? — - — ¢, L") ey Yio1 —
& = -
(1= 1L —¢ol?— - — ¢ L") ey Yt—rt1 — [

Therefore, the state-space representation of an AR(p) is

[13.1.22]

[13.1.23]
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State equation (r = p):

i T (bl ¢2 o ¢p—1 ¢p r ]
Yt+1 — 1 Yt — K
1 0 0 0
Yt — 1 Yt—1— [

=10 1 0 0

Yt—p+2 — H Yt—p+1 — M

- - 00 - 1 0]~ -

Observation equation (n = 1):
Yo — |
Yt—1 — |
ve=p+i1 0 0 --- 0
Yt—p+1 — H

Now, for an M A(1) model, r =1+ 1 =2 and ¢, = 0 for any p. Then, we have

(1 —¢1L — ¢oL?) ey

(1 =1L — ¢oL?) 1oy

& =

Therefore, the state-space representation of an M A(1) is
State equation (r =2) :

E¢41 0 0 €t €i41
Et 1 0 Et—1 0
Observation equation (n = 1):
Et
Yyt =p+ |:]. 91:|
€t—1

Et+1

[13.1.14]

[13.1.15]

[13.1.17]

[13.1.18]
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Question 2

Derive equation [13.4.5] as a special case of [13.4.1] and [13.4.2] for the model specified in

[13.4.3] and [13.4.4] by analysis of the Kalman filter recursion for this case.

From the given model
State equation (r =2) :

€1,t+1
ir1 =

€2,t+1

Observation equation (n = 1):

Yt = €1t T E2.¢s

we have
o2 0
F=0 Q= , A'=0, H' =11, R=0.
0 o2
By Kalman filter recursion,
fort=0
€10 = Bl&1] =
0
q_ |t 0
Py, = E[6i&] = ;
0 o3
fort>1

£t+1|t = F£t|t71 + K¢ (ys — Al — Hléﬂt—l)
P, =FP,,F' +Q,

where the gain matrix K is

K, =FP,;H(H'P,;_H + R)™"

=0.
Hence,
£t+1|t =0
o? 0
Pt+1|t =Q =
0 o3

[13.4.3]

[13.4.4]
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We can substitute values into equation [13.4.1]:

Yixr oy, Welwe, Veo1) = (2m) 2| H' Py, H + R|™'/?

1 A A
X exXp { - §(yt —Alzy — H,€t|t—1)/(H,Pt|t—1H + R)fl(’yt — Alzy — H'€t|t—1)}-
_ _ 1 _
— n) ot ) e { - Judtot 4ot .

Substituting into the sample log likelihood [13.4.2], we have

T T
_ _ 1 _
> o i vl Vieer) = S tox { 220t + o e { - (o 02}

t=1 t=1

:log{<(27r)_1/2(0%+0 1/2>} Zyt (0F +03)]

= —(T/2)log(27) — (T/2)log(o? + 03) Zyt (02 +03)]. [13.4.5]
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