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Problem 1
(a)

The Euler condition, C; % = SE;(3%-)C,%, can be linearized as

1+4+meqn
C_U(l s O'ét) = ,3Et[1 B 'it == 7Tt+1](j“a(1 = Uét—}—l)
5 i ; 5
=1 (1 —O'Ct) = (m)Et{l-{"Lt—7Tt+1](1—00t+1)

Q

Byl + 4 — moq1 — 7](1 — 08441)

Q

Et[1+7:t—7Tt+1—T'—0'ét+1)
& =08 = Eifig— 1 — 1 — 0841)

i N
< Ct = Et[—;(u—m+1—r)+ct+1]

A 5 1. g
¢ = Eyip1 — ;(% —r — Eymyq1).

(b)
We consider two cases of habit persistences that households show.
i. External habit persistence:

1+ T ree c\ eSS A
By treating C;_; exogenous, the first order condition for optimal condition becomes
A

/\t = (Ct = th_l)_U

and the Euler condition becomes

U'(Cr) = B (72 U'(Cur)

+ Tt

1+,

& (Cy—hCi1)™7 = ﬁEt(m
t+

)(Cusr = hC))~.

il. Internal habit persistence:

In the case of C;_; being endogenous, the first order condition for optimal condition becomes
At = (Ct — hCy—1)"7 = Bh(Cyy1 — hCy)~°

and the Euler condition takes a slightly different form as follows

144,
U'(Cr) = BEU(Conn) = BE( 1= ) (U'(Cun) = BEusaU" (Crv))
+ 1
—0 ) -0 Al 1+14 —0 - —0
& (Ct — hCi-1)7° = BE(Cyyy — hCy) ™7 = [ﬂvt(ﬁ) (Ciy1 = hCy)™7 — BEy41(Ciia — hCiy1) ™)
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(c)

To derive the linearized Euler condition for the case of part (b) i., we first need to linearize the marginal
utility of consumption.

(Ce—hCy_1) "~ C™7(1 - &)
&= (Cy— hCy_q)™°

Take logarithm on both sides.
log §: = —olog(Cy — hCy—1)

Take total differential at steady-state value.

1 1

ngt = "O’m‘(dct —h- dCt_l)
b~ — - 1(10«} 1C,
=~ Ul—hC('t 1 dCy_q)
2 ily 2 .
&f’:‘—dl_h(ct—hct_l)

(Ct, &= th_l)_” ~ C_¢~U(1 == i

1 X
- h(Ct — th_l))

Now, let’s derive the linearized Euler condition.

~N—0O 1 - - l . ~N— 1 ~ o~
C (1—-01_h(ct~hctwl))zbt(1+2t—ﬂt+1—p)C g(l—Ul_h(Ct+1—th))
o | o il
(1_01_h(ct“hct—l))%Et(l'{’lt‘ﬂt-‘r—l_p)(l*Ul_h(ct-%-l_hct)) A ¢ % S
L . N . L . x iy e o B S
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-

We can see that &_; and h is in the Euler condition. That means past consumption is considered for the
optimal intertemporal allocation of consumption. As h is larger, it means that past consumption has a larger
influence in current utility of consumption.

Problem 2
(a)

The given NK model can be rearranged into a system of two equations:

Eaip1+0 By =ay+ 0 gm — oty

,HEtﬂ-iH—l = —RIt “+ T — Ug.
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In matrix form:

l:Etht—H

Etﬂ't+1
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Therefore,
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Figure 1: The absolute values of the two eigenvalues of M as functions of &

The above figure shows that for ¢ > 1 both eigenvalues lie outside of the unit circle (i.e. |\;| > 1 for i=1,2),
and thus satisfying the Blanchard-Khan conditions.
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Figure 2: The responses of the output gap and inflation to a positive realization of v; with ¢ = 1.5
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Figure 3: The responses of the output gap and inflation to a positive realization of v; with ¢ = 1.1
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A less sensitive policy would lead to lower nominal interest rates which would increase demand from the

consumer perspective, thus increasing output and shrinking the output gap (as it is negative in this model),
which we can see in the graphs for parts (c) and (d). The initial jump being larger for a less sensitive policy

is due to the consumer expecting higher inflation rates in the future because the central bank has less control

over inflation rates.
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Figure 4: The responses of the output gap and inflation to a positive realization of u; with ¢ = 1.5
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Figure 5: The responses of the output gap and inflation to a positive realization of u; with ¢ = 1.1

The impacts of cost shock on u; on output gap and inflation rate are not persistent, unlike in the case of

inflation shocks. That is, after the shock at the first period the values converge to the steady state just after

one period. Since no expectation term is involved, the magnitude of the jumps are the same.

e s Ny = L LA Couot AN s DA
\x{, 2 - (7Y D) \’\ \
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Problem 3
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Figure 6: The responses of the output gap and inflation to a positive realization of u; with ¢ = 1.5
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Figure 7: The responses of the output gap and inflation to a positive realization of u; with ¢ = 1.1

Unlike in part (c) of Problem 2, the output gap includes lag effect from the past. Due to the inertia built

in the system, we see that the response of the output graph looks different from what we obtained before.
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We can confirm that the output gap initially decreases and starts to converge to the steady state from time
t+5. On the other hand, for the same reason explained above, the magnitude of jumps differs with different
levels of ¢.

Problem 4
(a)

The optimization problem of the central bank’s optimization problem under discretion at every time period

is

L1 ; s s
min =[7? 4+ Azx? 4 N;(d; — i ] st m = BEimp1 + KXy + €

Tt Tttt

5 1 5
Ty = Byxeqq — ;(% — Eymy1 — 1),

The Lagrangian is

1 i 1
L= '2“(7%2 + X} 4+ Ai(ie — i*)%) + Y (my — BEymy1 — Ky — €g) + 0y (g — Bywprr + ;(H 2 Bt =)
The first order necessary conditions are

[me] 7+ =0
[z)] Azzi— Pk +60, =0

0y
W Ml — i)+ 2 =0,
[ie] (1 — 1) + - 0

(b)

We can see from part (a) by rearranging the FOC for i; that we get the relationship 6, = —o);(i; — i*),
showing that 6; will be non-zero as long as A; # 0 (and thus if A\; > 0). Intuitively, 0; represents the change
in the objective (loss) function relative to interest (by Envelope Theorem) and ); is the weight placed on
nominal interest relative to inflation in the loss function. Any change in interest rates would affect the
objective (loss) function and thus affecting the choice variable (i;) of the central bank. So, if the central
bank places a non-zero (positive) weight on nominal interest rates in the loss function, the change in the loss

function with respect to nominal interest rates would be non-negligible

(c)

The central bank’s optimization problem under full commitment is

1 = . .
min §Et Zﬂ’[ﬂ?ﬂ- + )\le'?+i + Xy — i )2] st. m = BEmii1 + Koy + e
i=0

{75,545 152,

L.
T = Eyxeyq — ;('Lt - Eymgq — 7't)~
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The Lagrangian is

oc
1 b -
L. =il B —[7Tf+i -4 A:L'-'Eiz;_’_i + Xiligs — 1%)%] + Vi (T — BTttt — KTygi — et+i>
i=0 2

1,.
A0p4i (Teqi — EsZog1i + ;(ZH—i — Wpp14i — Teti)) o
The first order necessary conditions are

]

[l't] l /\m.’l}t = '(l)tlﬁ: + 9t =0 1

) ! 1
[Tes] B (Meqs + Yegi) + B (—Bhp—14i — SO0-140) =0 & Tepi +Veri — Yo-14 = 350t-14i =0

[Zeri] B (MoBeri — Yerik + Oppi) — BT (0i-144) =0 & | XaToi — Voui + Opik — 20,145 =0
B

[t4+4] l)\z‘(it+i —i")+ L0, =0

where the first two conditions are for 7 = 0 and the last three are for i > 0.

Note that for i = 0, the conditions are the same as in part (a).

(d)

From a timeless perspective, there is no separate conditions for 7 = 0. That is, the conditions for 7; and x;

in part (¢) are no longer considered. Therefore, the system of first order conditions becomes

il

Titi + Yias — Wp—145 — ﬁaet—ui =0 (1)
1.
AaTtpi — VYrpik + O — Eﬁt—lﬂ' =0 (2)
1 f
Ai(egs —40%) + ;()t-H, =0, 3)

which should be satisfied for all i > 0.
Equation (3) can be simplified as
9t+i = “a)\i(it o Z*)

By inserting this into equation (2), we get

i <5 a " o
AeTiri — Uik — N (G — %) + =X (Gp—144 — %) =0

B

1 : e g . R
S Y = = <)\w$t+z‘ —oAi(igp1 — 1) + B—/\i(lt—ui —1 ))
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By inserting this into equation (1), we get

1

Teri = —Yrai +Pp144 + 600t—1+i
1 ; i Oy o B
= == (Aml't—i-i = oNi(igp1 —i7) + E/\i(7't—1+i —i ))
il A oxilis = %) + Li(is_gni — i) LS
P rLt+i—1 i\t }3 i\t—2+1 “ [30’ t—l—M-\\

Problem 5

The optimal commitment policy in a basic NK model must abide by the basic structure of commitment,
which is that the promises made at the beginning time period ¢ must be fulfilled. The past commitments [ R
that have been made and fulfilled, and thus future expectations must influence the central bank’s choices -

today. Hence today’s decision is not just forward-looking but also takes the lagged value of output gap into A
account to ensure that past promises/commitments are not ignored. LAY
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