
Homework 3 Answer Key
Econ 205B, Winter 2017

1. (a) Let the value function be

V (ωt,mt) = max{U(ct,mt) + βV (ωt+1,mt+1)}

subject to

ωt+1 = f(kt) + (1− δ)kt + (1 + rt)bt +mt+1

and

ωt − ct −mt+1(1 + πt+1)− bt − kt = 0.

In this setup, rt is the real return on bonds. Let λt denote the Lagrangian on this last

constraint. First order conditions for ct, mt+1, bt, and kt plus the envelope theorem give

Uc(ct,mt) = λt

βVm(ωt+1,mt+1) + βVω(ωt+1,mt+1) = λt(1 + πt+1)

β(1 + rt)Vω(ωt+1,mt+1) = λt

βVω(ωt+1,mt+1) = λt

Vm(ωt,mt) = Um(ct,mt).

Now combining the second and third of these to obtain

βVm(ωt+1,mt+1) + βVω(ωt+1,mt+1) = β(1 + πt+1)(1 + rt)Vω(ωt+1,mt+1)

or

βVm(ωt+1,mt+1) = [(1 + πt+1)(1 + rt)− 1]βVω(ωt+1,mt+1)

= itβVω(ωt+1,mt+1)

Hence,

Vm(ωt+1,mt+1)

Vω(ωt+1,mt+1)
= it.

But the last of the first order conditions implies
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Vm(ωt+1,mt+1) = Um(ct+1,mt+1)

while the first and the fourth yield

Vω(ωt+1,mt+1) = λt+1 = Uc(ct+1,mt+1)

Thus,
Um(ct+1,mt+1)

Uc(ct+1,mt+1)
= it.

(b) In the case considered in class, cash held in time t yielded utility at time t but the

opportunity cost was in the lost interest income from the bonds that could otherwise

have been held. Since this interest payment occurs in t+ 1, it must be discounted back

to compare to the marginal value from holding money at time t.

2. (a) The household’s problem is to maximize

∞∑
t=0

βtu(C m
t , C

c
t )

for 0 < β < 1, subject to a sequence of CIA constraints of the form, in real terms

C m
t ≤

Mt−1

Pt
+
Tt
Pt

=
mt−1

Πt

+ τt

where mt−1 = Mt−1/Pt−1, Πt = Pt/Pt−1 is 1 plus the inflation rate, and τt = Tt/Pt, and

a sequence of budget constraints of the form, also in real terms,

Yt + τt +
mt−1 + It−1bt−1

Πt

≥ C m
t + C c

t +mt + bt + kt

where m and b are real cash holdings. Note that real resources available to the repre-

sentative agent in period t+ 1 are given by

Yt+1 + τt+1 +
mt + Itbt

Πt

.

The period t nominal interest factor It divided by Πt+1 is the gross real rate of return

from period t to t+ 1 and can be denoted by Rt ≡ It/Πt+1.

(b) Let λt and µt be the time t Lagrangian multipliers on the budget and CIA constraints

respectively. Then the necessary FOC for the two types of consumption are
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ucm(t) = λt + µt

ucc(t) = λt

λt = β(1− δ + f ′)λt+1

λt = β

(
It

Πt+1

)
λt+1 = β

(
1 + it
Πt+1

)
λt+1

λt = β

(
λt+1 + µt+1

Πt+1

)
(c) Subtracting the last FOC from the second-to-last one, we derive

λt − λt = β

(
1 + it
Πt+1

)
λt+1 − β

(
1 + it
Πt+1

)
λt+1

=⇒ 0 = β

(
itλt+1 − µt+1

Πt+1

)
=⇒ µt+1 = itλt+1

Hence, the FOC for consumption can be written as

ucm(t) = λt + µt = λt(1 + it−1)

ucc(t) = λt

which shows that it−1 acts as a tax on C m
t .

3. (a) Cost minimization problem:

min
Hj,t,Kj,t

[
Wt

Pt
Hjt +

Rk
t

Pt
Kjt

]
s.t. ztK

α
j,tH

1−α
j,t ≥ Yj,t

Let ϕt be the lagrangian multiplier. Then the FONC for Hj,t implies

Wt

Pt
= ϕt(1− α)

ztK
α
j,tH

1−α
j,t

Hj,t

= ϕt(1− α)zt

(
Kjt

Hjt

)α
and the FONC for Kj,t implies

Rk
t

Pt
= ϕtα

ztK
α
j,tH

1−α
j,t

Kj,t

= ϕtαzt

(
Kjt

Hjt

)α−1
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Using these two equations, we get

mct = ϕt =
1

ztαα(1− α)1−α

(
Wt

Pt

)1−α(
Rk
t

Pt

)α
(b) Profit maximization problem:

max
Pj,t

Et

∞∑
i=0

ξiβiλt+i

[
Pj,tVt,i
Pt+i

− ϕt+i
]
Yj,t+i

where

Vt,l =

1 if l = 0

πγt × · · · × π
γ
t+l−1π

(1−γ)l if l ≥ 0

(c) Plug in the demand function for the intermediate goods:

max
Pj,t

Et

∞∑
i=0

ξiβiλt+i

[(
Pj,tVt,i
Pt+i

)1−θ

− ϕt+i
(
Pj,tVt,i
Pt+i

)−θ]
Yt+i

The FONC for Pj,t = P ∗t is

Et

∞∑
i=0

ξiβiλt+i

[
(1− θ)

(
Pj,tVt,i
Pt+i

)
+ θϕt+i

](
1

P ∗t

)(
P ∗t Vt,i
Pt+i

)−θ
Yt+i = 0

Let p∗t ≡
P ∗
t

Pt
. Then

p∗t =
θ

θ − 1
·
Et
∑∞

i=0 ξ
iβiλt+iϕt+i

(
Pt+i

PtVt,i

)θ
Yt+i

Et
∑∞

i=0 ξ
iβiλt+i

(
Pt+i

PtVt,i

)θ−1
Yt+i)

=
θ

θ − 1
· P

n
t

P d
t

Recursively,

P n
t = λtϕtYt + ξβEt

(
πt+1

πγt π
1−γ

)θ
P n
t+1

P d
t = λtYt + ξβEt

(
πt+1

πγt π
1−γ

)θ−1
P d
t+1

Also we have the evolution for the aggregate price index:

P 1−θ
t = (1− ξ)(P ∗t )1−θ + ξ(πγt−1π

1−γPt−1)
1−θ
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which can be rearranged as

1 = (1− ξ)(p∗t )1−θ + ξ

(
πγt−1π

1−γ

πt

)1−θ

Log linearizing this equations, we get the NKPC with price indexation:

π̂t = β · 1

1 + γβ
Etπ̂t+1 +

γ

1 + γβ
π̂t−1 +

(1− ξβ)(1− ξ)
ξ(1 + γβ)

ϕ̂t

where when γ = 0, it reduces to

π̂t = βEtπ̂t+1 +
(1− ξβ)(1− ξ)

ξ
ϕ̂t

(d) As γ increases, inflation rate will be more autocorrelated because it depends more on

the lagged inflation rate.

4. (a) The first order condition for the household’s choice of N equates the marginal rate of

substitution between leisure and consumption to the real wage, or

ξNη
t

C−σt
= wt.

A positive realization of ξt increases the disutility of work. For a given real wage and

marginal utility of consumption, this reduces the household’s desired level of time spent

working:
∂Nt

∂ξt
= −

(
Nt

ηξt

)
< 0.

This is a partial equilibrium effect as both Ct and we will also adjust.

(b) If we linearize the first order condition with respect to the labor supply and note that

ŵt = zt, we obtain

ξ̂ + ηn̂t + σĉt = zt

in a flexible-price equilibrium . With goods market clearing requiring that ĉt = ŷt, and

the production function implying ŷt = n̂t + zt, we can write this condition as

ξ̂ + η(ŷt − zt) + σŷt = zt =⇒ ŷft =
(1 + η)zt − ξ̂t

σ + η
.

(c) Yes. Because a positive ξt reduces desired labor supply for a given real wage and

marginal utility of consumption, it reduces the output in the flexible-price equilibrium.
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(d) This Euler condition was obtained from the condition that

ĉt = Etĉt+1 −
(

1

σ

)
(it − Etπt+1),

then using the fact that ĉt = ŷt to yield

ŷt = Etŷt+1 −
(

1

σ

)
(it − Etπt+1).

Finally, we added and subtracted current and expected future flexible price output to

obtain

ŷt − ŷft = Etŷt+1 − Etŷft+1 −
(

1

σ

)
(it − Etπt+1) + Etŷ

f
t+1 − ŷ

f
t ,

which shows that

rnt = σ
(
Etŷ

f
t+1 − ŷ

f
t

)
.

Expected growth in the flexible-price output level increases rnt to induce households to

willingly have consumption lower today than in the future. Since rnt depends on ŷft , it

depends on ξ̂t. Using the results from part (b),

rnt = σ
(
Etŷ

f
t+1 − ŷ

f
t

)
=
σ(1 + η) (Etzt+1 − zt)−

(
Etξ̂t+1 − ξ̂t

)
σ + η

.

If ξ̂t is an AR(1) process, ξ̂t+1 = ρξ ξ̂t + εξt , then the effect of ξ̂t on rnt is given by(
σ

σ + η

)
(1− ρξ) > 0.

A positive ξ̂t temporarily lowers the flexible price output level at time t relative to its

value at t + 1. To induce households to reduce current consumption relative to future

consumption, the real interest rate must rise.
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