Homework 3 Answer Key
Econ 2058, Winter 2017

(a) Let the value function be

V(ws, my) = max{U(cy, my) + BV (Wig1, meg1) }

subject to
Wipr = f(ke) + (L= 0)ky + (1 + )by + myg

and

we — ¢ — My (1 + 1) — by — by = 0.

In this setup, r; is the real return on bonds. Let A; denote the Lagrangian on this last

constraint. First order conditions for ¢;, ms.1, by, and k; plus the envelope theorem give

Uy, my) = N

BV (@1, mer1) + BV (W1, mer1) = A1+ mp1)
Bl + 1)V (wir1, mis1) = N
BVi(wir1, mys1) = N

Vin(wi, my) = Up (¢, my).

Now combining the second and third of these to obtain

BV (Werr, Mig1) + BV (Wi, mMygr) = B4 moq1) (14 7¢) Vi (Wege1, 141)

or

BV (W1, mig1) = [(1+ meq0) (1 +71) — 1BV (W1, miga)

= 4V (Wer1, Mut)

Hence,

Vin (Wt 1, Miy1) —
= ;.
Vo (Weg1, Miy)

But the last of the first order conditions implies
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Vin (Wt+17 mt—l—l) = Um<ct+17 mt+1)

while the first and the fourth yield

Vw(wt-l-la mt+1) = )\t+1 = Uc(0t+1>mt+1)

Thus,
Um(ct+17mt+1) —
= i,
Ue(Cry1, Mys1)

In the case considered in class, cash held in time ¢ yielded utility at time t but the
opportunity cost was in the lost interest income from the bonds that could otherwise
have been held. Since this interest payment occurs in ¢ + 1, it must be discounted back

to compare to the marginal value from holding money at time t.

The household’s problem is to maximize

Zﬁt (efiiNes

for 0 < # < 1, subject to a sequence of CIA constraints of the form, in real terms

M, T; my—1
com < L
A A i

where my_y = M;_1/P,_1, Il; = P;/P,_ is 1 plus the inflation rate, and 7, = T}/ P,, and
a sequence of budget constraints of the form, also in real terms,
my—1 + L—1b—y

Y;‘i‘Tt‘i‘ I ZCtm‘i‘th‘i‘mt"—bt‘i‘kt
t

where m and b are real cash holdings. Note that real resources available to the repre-

sentative agent in period ¢t + 1 are given by

me + -[tbt

Y1 + 71 +
t+1 t+1 Ht

The period ¢ nominal interest factor I; divided by II;,; is the gross real rate of return
from period ¢ to t + 1 and can be denoted by R, = I;/I1;;.

Let A\; and p; be the time ¢ Lagrangian multipliers on the budget and CIA constraints

respectively. Then the necessary FOC for the two types of consumption are



Uem (t) = )\t + Mt
ucc(t) = >\t
>\t :ﬁ<1 _5+f/)>\t+1

I, 1+
A = pV— A
e =F (Ht+1) w1 = ( iy ) o

_ At1 + figr
M=o ( 4

(c¢) Subtracting the last FOC from the second-to-last one, we derive

1 +z't> (1 +¢t>
N =\ = Mot — A
t t 6 ( Ht+1 t+1 ﬁ Ht+1 t+1

TN +1 — g1
— 0= -
p ( i1 )

= 1 = YN
Hence, the FOC for consumption can be written as

Uem (t) = A+ e = M(1 +34-1)
Ucc(t) = )\t

which shows that 4;,_; acts as a tax on C;™.

(a) Cost minimization problem:

W, R
20 {Eﬂﬁ p,

s.t. ZtKjOthjl’;a Z }/},t
Let ¢, be the lagrangian multiplier. Then the FONC for H;; implies

W, Ko HI
i (1 — )2ttt
P, Hj,

ot (52

J
and the FONC for K;; implies

k (6% 11—«
Ry uKGH,
Ak ot

K

P,
=,z —Kj i o
Prozy Hj
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Using these two equations, we get

1 LA AN
mey = pp = — —
b= P za®(l —a)l=>\ P, P,

(b) Profit maximization problem:

t‘/tz
P

max b, Z £ BZAHZ [ — ¢t+i:| Yjivi

where

1 if [=0
Vig=
) X e X 7rz+l_17r(1*7)l if 1>0

(c¢) Plug in the demand function for the intermediate goods:

© PV 1-0 PV, —0
E igiy ; 2tV o ; itV Y, ;
ngax ' Z 5 6 " |:( Pt+i ) o < Pt—l—i "

The FONC for P;; = P} is

Z PiVii 1\ [ PVis\
! e ) Py AV AN "

Let p; = =+. Then

0
0 Et Zz 05 B )\t+190t+z (PtVt ) }/tJrZ

by = 57— 0—1
Ee D208 B A (g%) Yivi)
0 P
-1 P

Recursively,

0
n T41 n
Pl = A\ Y, + fﬁEt(W) Py

0—1
P —M@+£5Et( 4l ) P,

1_
t7T K

Also we have the evolution for the aggregate price index:

P/~ = (1= F) " + &y m TPy



which can be rearranged as

N\ 1-0
1:a—<xﬁﬂ”+f(ﬁ¥f!)

T

Log linearizing this equations, we get the NKPC with price indexation:

e a9
Tty = 3 1+7ﬁEt7Tt+1+ 1+757th1+ £ +15) Pt

where when v = 0, it reduces to

o= BB + 2(1 ~te,

As 7 increases, inflation rate will be more autocorrelated because it depends more on

the lagged inflation rate.

The first order condition for the household’s choice of N equates the marginal rate of

substitution between leisure and consumption to the real wage, or

ENY
cro

Wt.

A positive realization of & increases the disutility of work. For a given real wage and

marginal utility of consumption, this reduces the household’s desired level of time spent

& B né .

This is a partial equilibrium effect as both C; and we will also adjust.

working:

If we linearize the first order condition with respect to the labor supply and note that
Wy = 2, we obtain

é—i—nﬁt—i-aét:zt

in a flexible-price equilibrium . With goods market clearing requiring that ¢; = 3;, and

the production function implying 3, = n; + 2;, we can write this condition as

3 ] 7 A 1+n)z — &
0 —2) + o =2 — yf:w
o+

Yes. Because a positive & reduces desired labor supply for a given real wage and

marginal utility of consumption, it reduces the output in the flexible-price equilibrium.



(d) This Euler condition was obtained from the condition that

. . 1Y .
¢t = BiCryr — (;) (Zt - Etﬂ't+1>7

then using the fact that ¢, = g, to yield

. N 1Y .
U = Byl — (;) (@t - Et77t+1)'

Finally, we added and subtracted current and expected future flexible price output to

obtain .
i =9 = By — Bl - (;) (e = Bvmes) + Bl — 01
which shows that
Ty =0 (Etf&tfﬂ - @f) .
Expected growth in the flexible-price output level increases ' to induce households to

willingly have consumption lower today than in the future. Since 7} depends on Q{ , 1t

depends on &;. Using the results from part (b),

: . Af o(1+n) (Ezpp — ) — (Etét—i-l - ét)
Tt:0'<Etyt+1_yt>: o+ ’

If & is an AR(1) process, &1 = pgét + ¢, then the effect of & on r? is given by

(2 )a-p=0

A positive ét temporarily lowers the flexible price output level at time ¢ relative to its

value at t + 1. To induce households to reduce current consumption relative to future

consumption, the real interest rate must rise.



