
ECON 204B-Advanced Microeconomics UCSC
Homework 4-Answer Key

Part I. Problems

1. Problem 1

(a) Assume that the game procedure is common knowledge. Of course, neither player
will trade when their payoff is higher than other’s. Player B knows that player A’s
maximum payoff is 1000, so he or she will not trade when y > 1000. Player A also
knows this and he will not trade when there is x > 500 in his or her envelope. Player
B knows this and he will not trade when y > 500. Anticipating B’s refusal to trade
when y > 500, Player A will not trade when x > 250. Iterating this decision process,
trade occurs with positive probability only when x = y = 0.

(b) The student is using prior probabilities, implicitly assuming that trade will occur with
probability 1 which, as we have seen, is incorrect. She or he apparently overlooked the
logic of iterated dominance and Bayes Theorem.

2. Problem 2
Denote α as acceptance and ρ as rejection.
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Thus, player U will accept the bid if xS = 90, i.e. BRU(xS = 90) = α, and player U
will reject the bid if xS ≤ 90, i.e. BRU(xS ≤ 90) = ρ.

When player I observes type a, he or she will bid xS 5 100. When he or she observes
type b, will bid xS 5 200.

Therefore, the PBE outcomes in which xa = xb are (90 5 xs 5 100, αxs , µ(a|xs) = 1
2
)

and (xs < 90, ρxs , µU(a|xs) = 1
2
).

Note: A full specification of the PBE should also include beliefs and actions following
off-equilibrium play. This PBE is not very sensitive to such beliefs and actions.

(b) If xa 6= xb, µU(a|xa) = 1 and µU(b|xb) = 1. This is case of separating PBE.

πU(ρ|xa) = 120 and πU(α|xa) = xa

πU(α|xb) = xb and πU(ρ|xb) = 60

Thus, player U will reject the bid xa if xa < 120, and player U will accept the bid xb if
xb > 60. Knowing this, player I has an incentive to deviate in state a if xb ∈ [60, 100).
So such bids are not part of a BNE.

When player I observes type a, he or she will bid xa 5 100. When he or she observes
type b, will bid xb ∈ [100, 200].

Therefore, the PBE outcomes in which xa 6= xb and xa is rejected and xb is accepted
are ((xa 5 100 5 xb 5 200), (ρxa , αxb), µU(a|xa) = 1).

Again, the full specification should include posterior beliefs off the equilibrium path,
but these are arbitrary within a wide range, as in the answer to the next part.

Since player I does not bid xa over 100, there is no PBE in which xa 6= xb and xa is
accepted and xb is rejected.
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3. Problem 3

(a)

WTPL = −[−1− 1

2
· 0.2 · 1] = 1.1

WTPH = −[−2− 1

2
· 0.2 · 16] = 3.6

(b)

P ∗ = (0.8 · 1 + 0.2 · 2) = 1.2

(c) If SI charges 0.4 above the break-even point, P ∗A = 1.6. Only high risk students would
find it worthwhile to join SI.

(d) SI’s profit in case c is

ΠA = (1.6− 2) · (20000 · 0.2)

= −1600.

To increase there profit, they could discriminate the price for each type of students. If
students’ types are observable, they would set the premium as 1.1 to low risk students
and 3.6 to high risk students. Then, SI’s profit is

ΠPD = (3.6− 2) · (20000 · 0.2) + (1.1− 1) · (20000 · 0.8)

= 8000.

Of course, the types are not normally observable. In this case, SI could offer two
plans: Plan A with a high premium and low deductible that would attract the high
risk students, and Plan B with a lower premium and higher deductible that would
attract the low risk students. Profits would be at most 8000.

4. Problem 4

(a) Professor P’s utility maximization probelm is as the following.

max
x,s

x− s

subject to

s− 1

2
x2 = 0.

Substitute the constraint into professor’s payoff function and differentiate it with re-
spect to x.

1−x∗ = 0

∴ x∗ = 1 and s∗ = 0.5
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(b) Let’s first take a look at Mr. A’s choice of x.

max
x=0

(ax+ b)− 1

2
x2

The first order condition shows x∗ = a. a = 0 and b = −1
2
a2 has to be satisfied.

Now, P will choose a and b that maximize her utility.

max
a=0,b=− 1

2
a2
x− (ax+ b) = a− a2 − b

By the first order conditions, a∗ = 1 and b∗ = −1
2
. Therefore, x∗ = 1 and s∗ = 0.5.

(c) P could not obtain higher utility using a non-linear wage schedule, because the solution
using the linear wage schedule is the highest utility she could obtain.

5. Problem 5
The child maximizes his income, V = IC(A) + B, choosing A and taking into account
that his action affects the bequest. The first order condition is

dIC(A)

dA
+
dB

dA
= 0.

The parent maximizes W (U, V ) = W (IP (A) − B, IC(A) + B) choosing B. The first
order condition is

−WU(IP (A)−B, IC(A) +B) +WV (IP (A)−B, IC(A) +B) = 0.

We can think B as a function of A. Differentiate the first order condition with respect
to A.
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)
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) +WV V · (
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)

By the child’s first order condition, the equation above becomes
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∴
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Substitute this into the child’s first order condition.

dIC(A)

dA
+
dIP (A)

dA
= 0.

This implies that the child chooses the A that maximizes the family aggregate income,
IC(A) + IP (A).

The first-best outcome from the parent’s perspective is to maximizes her objective
function. The first order conditions for the first-best outcomes are, with respect to B
and A respectively,

WU = WV ,

WU ·
dIP (A)

dA
+WV ·

dIC(A)

dA
= 0.

∴
dIP (A)

dA
+
dIC(A)

dA
= 0.

Thus, the first-best outcome from the parent’s perspective is to maximize the family’s
aggregate income.

Part II. Textbook problems

6. 13.B.3

(a) Suppose firms offer a wage of w. All workers of type θ, with r(θ) 5 w, will accept the
wage and work. Suppose there exists a θ∗ with r(θ∗) = w. Then all workers of type
θ = θ∗ will work, since r(θ) 5 r(θ∗) = w and r is decreasing. Thus, the more capable
workers are the ones who will work at any given wage.

(b) Firms can offer the wage w = θ̄, and since r(θ̄) > θ̄ no workers of type θ̄ will work. No
worker of any type will work. Therefore, the competitive equilibrium is Pareto efficient.

(c) If w = θ̂, only workers of type θ = θ̂ will accept the wage w and work. But E[θ|θ = θ̄] >

θ̂ = w, which implies that firms demand more workers than there are in supply, and
the market will not clear. If w < θ̂, only workers of type θ = θ∗ > θ̂, with r(θ∗) = w,
will accept the wage w and work.

Thus, to obtain market clearing, firms have to offer a wage w > θ̂, which implies that
some workers of type θ < θ̂ will accept the job, and there is over employment in the
competitive equilibrium.
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7. 13.C.4
The workers’ utility maximization problem is the following.

max
e
w(e)− c(e, θ)

where

c(e, θ) =
e2

θ
.

The first order condition is w′(e) = 2e∗

θ
. Since the firms are competitive, w(e∗) = θ∗

in equilibrium. Therefore, w′(e) = 2e∗

w(e∗)
. Thus, w(e) =

√
2e. So the unique separating

PBE is (e(θ) = θ√
2
, w(e) =

√
2e, µ(θ|e) =

√
2e).

8. 14.B.3

(a)

Eu = E[α + βπ|e]− φV ar[α + βπ|e]− g(e)

= α + βE[π|e]− φβ2V ar[π|e]− g(e)

= α + βe− φβ2σ2 − g(e)

(b) Optimal risk sharing will result in a fixed wage for the agent, and maximizing the
principal’s profits ensures that this wage will exactly compensate the agent for his
effort. Therefore, the first-best contract with observable effort is the solution to the
following.

max
e
E[π|e]− g(e)

By the first order condition, g′(e∗) = 1, which gives us the optimal effort level e∗, and
w = g(E∗) is the wage.

(c) The principal’s problem can be divided into two steps. First, for a given effort level e′,
the optimal individually rational and incentive compatible compensation scheme is as
the following.

min
α,β

α + βe′

subject to

α + βe′ − φβ2σ2 − g(e′) = 0

α + βe′ − φβ2σ2 − g(e′) = α + βe− φβ2σ2 − g(e)∀e 6= e′

The second constraint implies that given e′, βe − g(e) should reach a maximum at
e′. The condition of the question allow us to replace the second constraint with the
first order condition g′(e′) = β, which uniquely deteremines β given e′. Thus, α =
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g(e′) + φg′(e′)2σ2 − g′(e′)e′. We can now find the optimal compensation scheme by
solving:

max
e
E[π|e]− E[g(e) + φg′(e)2σ2 − g′(e)e+ g′(e)π|e]

= max
e
e− g(e)− φg′(e)2σ2

Given the conditions of the question, this is a concave program, so the first order
condition yields g′(e) = 1

1+2φσ2g′′(e)
. This implies that 0 < β < 1, which is reasonable

because the incentives are not fully aligned with profits due to optimal risk sharing.
As φ increases, the agent is more averse to risk and therefore β will be lower. This is
same as σ2 increases.

9. 14.C.8

(a) The indifference curves of the two types and the firm’s isoprofit curve are depicted in
figure 1.

The problem that Shangri La would want to solve is:

max
PT ,WT ,PB ,WB

ΛPT + (1− Λ)PB

s.t.

(i)θTPT +WT 5 v

(ii)θBPB +WB 5 v

(iii)θTPT +WT 5 θTPB +WB

(iv)θBPB +WB 5 θBPT +WT

(v)PT ,WT , PB,WB = 0

(b) In the program above, constraint (i) and (iv) together with θB < θT , imply that con-
straint (ii) is redundant, so it is never binding. Constraint (i) therefore must bind for
if it would not, we can reduce PT and PB by ε > 0, and all the remaining constrainits
will still be satisfied. This implies that tourists will be indifferent between buying and
not buying a ticket.

(c) Assume that (PT ,WT ), (PB,WB) is an optimal, incentive and assume in negation that

WB > 0. Now reduce WBby ε > 0, and increase PB by
ε

θB
so that B type’s utility does

not change, and the firm earns higher profits from the B type. We need to check that
the T Type will not choose this new compensation package. Indeed,

θTPT +WT 5 θTPB +WB = θT (PB +
ε

θT
) + (WB − ε) < θT (PB +

ε

θB
) + (WB − ε)

contradicting that (PT ,WT ), (PB,WB) is an optimal, incentive compatible contract.
Therefore, we must have WB = 0. If, in an optimal contract, the business travellers
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Figure 1: Indifference curves and isoprofit curve

were not indifferent between (PT ,WT ) and (PB,WB), we could slightly raise PB and
all the constraints would remain satisfied, and the firm would earn higher profits from
the business types. Therefore in an optimal contract we must have the business types
indifferent between (PT ,WT ), (PB,WB).

(d) By lowering PT and increasingWT to keep the tourists indifferent betwen buying a ticket
or not buying one, the firm can increase PB. We know from parts (b) and (c) that if
WT is raised by ε and PT is lowered by ε

θT
(thus holding the tourists indifferent about

buying), then PB must be increased by ε(θT−θB)
θT θB

to keep the business types indifferent
between their own package and the new package. The linearity of this trade off allows
it to hold true anywhere in (P,W) space, implying it will be profitable if and only if:

λ
ε

θT
< (1− λ) · ε(θT − θB)

θT θB

which can be simplified to

λ

1− λ
<
θT − θB
θB

We can see that this condition is indepent of cost c. Therefore, the price discrimination
has two cases:
(1) If λ

1−λ < θT−θB
θB

, only the high types will be served and the scheme will be the

following (assuming c < v
θB

):

(Pt,WT ), (PB,WB) = (0, v), (
v

θB
)
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(2) If λ
1−λ >

θT−θB
θB

, all types will be served and we will have a pooling scheme, assuming
c < v

θT
:

(PT ,WT ) = (PB,WB) = (
v

θT
, 0)

We can see that if the proportion of B types is large enough (or λ small enough) the
firm will choose to serve B types strictly. Additionally, if θB is sufficiently small, the
firm is more likely to serve only B types. If θT is sufficiently small, the firm is more
likely to serve T types as well as B types.

(e) The firm will serve only B types if the conditions c < v
θB

and case (1) from part (d) are

met. If we are in case (2) of part (d) and v
θT
< c < v

θB
, then the scheme from part (d)

would be sub-optimal as the firm would lose money. As such, the firm would choose
the scheme in case (1) and, again, only serve B types. If c > v

θB
, the firm will simply

choose to not operate.
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