
Solution to Problem Set 3

1. The Lagrangian for the problem is given by

L = U(H, kC)− λ(phH + pcC − y)

a. The first order conditions are given by

∂L

∂H
= U1(H

∗, kC∗)− λph = 0

∂L

∂C
= U2(H

∗, kC∗)k − λpc = 0

∂L

∂λ
= −phH∗ − pcC∗ + y = 0

b. Differentiating the first order conditions by k we get

U11
∂H∗

∂k
+ U12

(
C∗ + k

∂C∗

∂k

)
− ∂λ∗

∂k
ph = 0

U21k
∂H∗

∂k
+ U2 + U22k

(
C∗ + k

∂C∗

∂k

)
− ∂λ∗

∂k
pc = 0

−ph
∂H∗

∂k
− pc

∂C∗

∂k
= 0

By Crammer’s rule,

∂C∗

∂k
=

∣∣∣∣∣∣
U11 −U12C∗ −ph
U21k −U2 − U22kC∗ −pc
−ph 0 0

∣∣∣∣∣∣∣∣∣∣∣∣
U11 kU12 −ph
U21k U22k

2 −pc
−ph −pc 0

∣∣∣∣∣∣
At the optimal levels of H and C (i.e., H∗, C∗) the denominator is positive

due to quasiconcavity of U . We assume it is strictly positive.
The numerator can be written as follows

−ph (pcC∗U12 − phU2 − kC∗phU22)
= −p2h(

pc
ph︸︷︷︸

kU2
U1

(from FOC)

C∗U12 − U2 − kC∗U22)

= −p2h
(
kU2
U1

C∗U12 − kC∗U22 − U2
)

= p2h

kC∗
U1

(U1U22 − U2U12)︸ ︷︷ ︸
≥0 if the housing is interior

+ U2


Hence, a suffi cient condition for ∂C

∗

∂k ≥ 0 is the inferiority of Housing.
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2. The Lagrangian for the problem is given by

L =
∑n

i=1
ui(xi)− λ

(∑n

i=1
xipi − y

)
.

The first order conditions are given by

∂L

∂xi
= u′i(x

∗
i )− λ∗pi = 0 for i = 1, 2, .., n (1)

∂L

∂λ
= −

∑n

i=1
x∗i pi + y = 0 (2)

Differentiate (1) with respect to y

u′′i (x
∗
i )
∂x∗i
∂y

− ∂λ∗

∂y
pi = 0

Then
∂x∗i
∂y

=

∂λ∗

∂y pi

u′′i (x
∗
i )
for i = 1, 2, ...., n

Since, by assumption, u′′i (x
∗
i ) ≤ 0 and pi ≥ 0 for all i = 1, 2, ...., n, then the

sign of ∂λ
∗

∂y defines the sign of ∂x
∗
i

∂y for all i = 1, 2, ...., n.
It follows that if one good is inferior, then all of them are inferior. This is

not possible since u is strictly increasing.
Then we conclude that all goods are normal.

3. We know that u(x) is linearly homogenous.

a. Note that

e(p, ũ) = minx∈Rn+

{
n∑
i=1

pixi : u(x) ≥ ũ

}

= minx∈Rn+

{
n∑
i=1

piũ
(xi
ũ

)
:
u(x)

ũ
≥ 1
}

= minx∈Rn+

{
ũ

n∑
i=1

pi

(xi
ũ

)
: u
(x
ũ

)
≥ 1
}

Define z = x
ũ , then

e(p, ũ) = ũ min
z∈Rn+

{
n∑
i=1

pi(zi) : u(z) ≥ 1
}

= ũe(p, 1).
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b. By duality, e(p, v(p, y)) = y. Then,

e(p, v(p, y)) = v(p, y)e(p, 1) = y.

This means that
v(p, y) = y

1

e(p, 1)
.

Differentiating with respect to y,

∂v(p, y)

∂y
=

1

e(p, 1)

which is independent of ũ.

4. We know that

(
∂xh1
∂p1

∂xh1
∂p2

∂xh2
∂p1

∂xh2
∂p2

)
=

(
a b
2 − 1

2

)
.

Since this matrix is symmetric, b = 2.
In addition, xh1 (p, u) and x

h
2 (p, u) are homogenous of degree zero in p.

Then, by Euler Theorem,

∂xh1 (p, u)

∂p1
p1 +

∂xh1 (p, u)

∂p2
p2 = 0

a8 + 2p2 = 0

∂xh2 (p, u)

∂p1
p1 +

∂xh2 (p, u)

∂p2
p2 = 0

16−
(
1

2
p2

)
= 0

p2 = 32

Thus, a = −8.
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