Solution to Problem Set 2

1. The problem is
maxy, z,{min{zi, azs} : p1z1 + paza < y}.
At the optimal (27, 23) we should have z7 = ax} and p1z] +p2a = y. Then,

praxs + paxy = (p2 + apr) x5 = y.
It follows that

Y
IL'* = —— and I’* =
2 (p2 + ap1) !

ay
(p2 + ap1)’

2. The maximization problem for m periods is

maX(@’t){';o{Zt:O B n(z) tho xy = 1}

The Lagrangian for this problem is given by

L= Z:;o B In(z;) — A (Z:L 0Tt 1)

The FOC are
oL _ Bti*—)\*:() forall t=0,1,..,m (1)
8xt Ty
oL moo _
O\ 7Zt:()xt +1=0 .

From (1) we have
BN =}

m %
E z; =1.
t=0

Combining these to conditions we get

S AN =1

From (2) we have

Then,

_ pm+1 t o
)\*:71 b and x*:ﬂ(l 8)

1-5 o1ty
Notice that if m — oo, then

xf =p'(1—p) foral t=0,1,..



3. Let us consider
w(21,@2) =21 + 29

Then,
(0.£) it py>po
(@1,23) = prat + poay = y with 7,23 >0 if p; =po
(£,0) it py<p
It follows that y
Vp1,p2,9) = ———-
( ) min{p;,pz}

By duality, we know that

V(pl,an e(p17p27u)) = U.

Then,
e(p17p2a ’LL) = umin{plap?}-

4. Let us consider

( )= —00 if 1 <1and/or x5 <3
wirn, ¥2) = (r1 — 1) (x2 —3) otherwise

The Lagrangian for this problem (assuming y > p; + 3p2) is given by

L= (z;—1)(z2 —3) — Ap121 + p2v2 — ¥)

The FOC are
oL y *
87:171 = (372 — 3) — )\ P1 = 0
oL N .
871‘2 = (x2 — ].) — )\ P2 = 0
oL L
D e 0

From (3) and (4) we have that

(#3-3) _ (21 -1

P1 D2

Then,
P1T] — P1 = P2y — 3p2

Substituting these expressions in (5) we get

p1Z] +p1z] —p1+3p2 =y



Then,

— 3ps + —p1+3
:ZJ D2 pland x*:y D1 D2

* if y > 3
T1 2, 2 25 1Ly 2> p1+3p2
By plugging (x7,z3) in u (21, z2) we get
—00 if y <p1 4+ 3p2
1% = —-p1—3 -—p1—3 .
(p1,p2,9) (y D1 p2> (y D1 p2> iy > py+ 3ps
2p1 2p2

Finall}I7 by dualitYa V(pLPZ, e(p17p27 ’LL)) =u. Then,

e(p1, pa,u) = 2(up1p2)*? + p1 + 3pa.

5. We know that u(zx) is differentiable and strictly quasiconcave and z (p, y)
is differentiable.

a. We know u(z) is homogenous of degree 1.

e We need to show that V(p, y) is homogenous of degree 1 in y, i.e., V(p, ky) =
kV (p,y) for all k > 0.

Since u(x) is homogenous of degree 1

Vip,ky) = max,{u(z):z-p=ky}
= maxm{u(kg> : E'p:y}.

Let us define z/k = z. Then,
V(p7 ky) = maXz{k:.u(z) tZep= y}
= kmax.{u(z) : z-p=y} =kV(p,y)

which completes the proof.

e We need to show that z(p, y) is homogenous of degree 1 in y, i.e., z(p, ky) =
kxz(p,y) for all kK > 0.

Let us define 2:/k = z. Since u(z) is homogenous of degree 1
x(p,ky) = argmax,{u(z):z-p=ky}
T\
= argmax,{u (kE) L D= y}
= kargmax,{ku(z):z-p=y}
kargmax.{u(z):z-p=y} = kz(p,y).



